We establish some new congruences satisfied by the Lind Mahler measure on p-groups, and use them to determine the Lind-Lehmer constant for many finite groups. First, we determine the minimal non-trivial measure of pgroups where one component has particularly high order. Second, we describe an algorithm that determines a small set of possible values for the minimal non-trivial measure of a p-group of the form Zp × Z p k with k ≥ 2. This algorithm is remarkably effective: applying it to more than 600000 groups the minimum was determined in all but six cases. Finally, we employ the results of our calculations to compute the Lind-Lehmer constant for nearly 8 million additional p-groups.
Introduction
For a polynomial F in Z[x], its (logarithmic) Mahler measure m(F ) is defined by (1) m(F ) = 1 0 log|F e 2πit | dt.
Lehmer's problem [8] which was found by Lehmer. In 2005, Lind [9] extended Lehmer's problem to a more general setting. Viewing the expression F (e 2πit ) in (1) as a linear combination of characters on the 1-torus T := R/Z, Lind defined the Mahler measure of an integer combination of characters f = k a k χ k over an arbitrary compact abelian group G equipped with normalized Haar measure µ in an analogous way:
Let G denote the (multiplicative) dual group of characters of G, and let Z[ G] denote the ring of integer combinations of these characters. Lind defined the Lehmer constant of a compact abelian group G by
Lehmer's problem then corresponds to the question of whether ρ(T) is positive. Another approach to generalizing the Mahler measure is taken by Dasbach and Lalín in [2] . Lind and a number of subsequent authors investigated cases where G is a finite abelian group. We write Z n for Z/nZ, the cyclic group of order n. Its character group is Z n = {χ k (j) = e 2πikj/n : 1 ≤ k ≤ n}, so that for f (j) = n k=1 a k e 2πikj/n ∈ Z[ Z n ], it follows that the Mahler measure of f with respect to Z n is an average of values of F (x) = n−1 k=0 a k x k over nth roots of unity, and we write m Zn (F ) = 1 n log n j=1
|F (e 2πij/n )|.
More generally, for a finite abelian group G = Z n1 × · · · × Z n k and F ∈ Z[x 1 , . . . , x k ], we have
where M G (F ) is the integer
F (e 2πij1/n1 , . . . , e 2πij k /n k ).
As in Lehmer's problem, for each finite group one may ask for the smallest nontrivial value of λ(G) = min{|M G (F )| : F ∈ Z[x 1 , . . . , x k ], M G (F ) = 0, ±1}.
We call this the Lind-Lehmer constant of the finite abelian group G. Clearly, ρ(G) = 1 |G| log λ(G). We use λ(G) throughout this article owing to its more convenient form.
In his thesis, Vipismakul [13] investigated the relationship between M G (F ) and the group determinant, defined as the |G| × |G| determinant D(G) := |det x gh −1 g,h∈G |, with the variables x g corresponding to the coefficients of F . The Lind-Lehmer constant λ(G) is the smallest integer value greater than 1 taken by the group determinant when the variables x g are all in Z.
Since M G (F ) is an integer, certainly the Lind-Lehmer constant of a finite abelian group exists. For |G| ≥ 3 we may note the trivial bound where Φ d (x) denotes the dth cyclotomic polynomial. This cyclic case was considered in [9] , [7] and [11] , and λ(Z n ) has been determined for all n not divisible by 892371480 = 2 3 · 3 · 5 · 7 · 11 · 13 · 17 · 19 · 23. In particular, if p is prime and k is a positive integer, then it is known that
The extreme values here are achieved by using F (x) = x 2 + x + 1 and x + 1, respectively.
Here we are interested in more general p-groups,
Some special cases of this family of groups have been considered in prior work. In 2014, the first and fourth authors [3] resolved the case where k 1 = · · · = k r = 1 and r ≥ 2. In this case,
Here we take the least positive residue mod p r . In addition, in [10] it was recently established that a group G of the form (6) where p = 2, each k i = 1 or 2, and |G| ≥ 4 achieves equality in the trivial bound (4) , and that
In [12] it was shown that the general p-group (6) satisfies
Here, the upper bound arises from the construction of particular polynomials; the lower bound is derived from a congruence that M G (F ) has been shown to satisfy:
A proof may be found in [10] . When each k i = 1 this congruence suffices for determining the result (7), but of course as the k i grow the modulus in (9) remains constant, and a gap emerges between the upper and lower bounds in (8) , except for those few exceptional cases when B r+1 (p) = B r (p). Numerical experiments with random polynomials showed that the modulus p r in (9) cannot in general be improved. However some new congruences among certain integer factors of M G (F ) appeared to be valid, and in these congruences the moduli do grow with the k i . We establish these stronger congruences here, and use them to determine the Lind-Lehmer constant for a number of p-groups. In particular, our method allows us to determine the minimal Mahler measure for a p-group of the form (6) where k r is large relative to the other k i .
We also develop an algorithm for computing a list of permissible values for the Lind-Lehmer constant of a p-group of the form Z p × Z p k . Our method produces a unique value for the minimal measure in more than 672000 groups of this form. This algorithm has generated more than one possible value for this constant in only a handful of cases, and in each of these just two values are produced. Our computations suggest that the Lind-Lehmer constant for many p-groups may be given by a simple formula: see Question 1 in Section 4.
This article is organized in the following way. Section 2 describes our new congruences, and their application to determining the Lind-Lehmer constant for a number of p-groups. Section 3 contains the proofs of our main results. Section 4 then reports on the application of these congruences to the computation of hundreds of thousands of additional p-groups not covered by our theoretical results, and lists a very small number of cases where our methods determine that the value of λ(G) is one of two possibilities. Section 5 reports on some computations of B k (p) for several k, as this quantity plays an important role in the determination of the Lind-Lehmer constant for many p-groups. Last, Section 6 employs our algorithm, along with the results of our calculations, to obtain the exact value of the Lind-Lehmer constant for several million additional p-groups.
Principal results
Suppose first that r = 2, and write
For j ≥ 0, let w j := e 2πi/p j , w := w 1 , so that w j is the basic primitive p j th root of unity for j > 0 and w 0 = 1. Using (3), we find that we can write
where the N j (F ) are the integers
and, for j = 1, . . . , l,
Notice that if j ≥ 1 for p odd, or if j ≥ 2 for p = 2, then the complex conjugates in the product can be paired, so N j (F ) ≥ 0. We establish the following congruences satisfied by these integers N j (F ).
Theorem 2.1. Suppose that p F (1, 1). Then for any j ≥ 1 we have
Using this, we may determine λ(Z p l × Z p k ) when k is sufficiently large.
achieved with F (x, y) = y 2 + y + 1.
Next, suppose r ≥ 3. Theorem 2.1 readily generalizes to this case.
j1 , . . . , w tr jr , w v1 k1 , . . . , w vs ks ).
Then N j1,...,jr (F ) ≡ N 0,...,0 (F ) φ(p j 1 )···φ(p jr ) mod p k1+···+ks+1 .
Note that N j1,...,jr (F ) ≥ 0 if at least one of the j i ≥ 1 for p odd, or j i ≥ 2 for p = 2.
Using this, we establish the following generalization of Theorem 2.2.
If p is odd and p k+1 ≥ 2 p l 1 +···+lr (p−1) − 1, then λ(G) = 2 p l 1 +···+lr , achieved with F (x 1 , . . . , x r , y) = y + 1. If p = 2 and 2 k+1 ≥ 3 2 l 1 +···+lr + 1, then λ(G) = 3 2 l 1 +···+lr , achieved with F (x 1 , . . . , x r , y) = y 2 + y + 1.
A number of additional results regarding the Lind-Lehmer constant of certain p-groups appears in Section 6.
Proofs
With G as in (6) , notice that we can write
is an integer with N j1,...,jr (F ) ≡ F (1, . . . , 1) φ(p j 1 )···φ(p jr ) mod p.
In particular, p | M G (F ) if and only if p | F (1, . . . , 1), and
Thus for p-groups we can always assume that an optimal polynomial has p M G (F ). We also have
That is, the minimal measure never decreases if we attach a component or raise the power in a component. To see this, observe that the
The following lemma is key to the proof of the congruence in Theorem 2.1.
where the α(δ 1 , . . . , δ p k ) are integers satisfying
Proof. We proceed by induction on k. For k = 1 let π = 1 − w where |π| p = |Norm Q(w)/Q (π)| 1/(p−1) p
Since the coefficients will be integers (algebraic integers fixed by the automorphisms of Q(w)) this must be a mod p congruence and we get
Assume now that the result holds for Z p k−1 . Note that
; to see this, observe that H(x) = H(wx) and hence H(x) must be a polynomial in x p , with integer coefficients since the coefficients are symmetric in the conjugates w j . Moreover the F (xw j ) ≡ F (x) mod π and
. . , ε p k ), and the same will be true for B m t for any m. Moreover, B mp j t will consist of monomials of this type with p j+1 | c(ε 1 , . . . , ε p k )ε i for all i. To see this, observe that raising a sum of such monomials to the power p results in monomials of the forms
. . , ε pp k )(ε 1i + · · · + ε pi ). By the inductive assumption,
leading to sums of monomials of the form
for all t = 1, . . . , p k and each i = 1, . . . , p k−1 , and
Plainly a sum of like monomials with coefficients satisfying this divisibility property will still satisfy the property and the result follows.
Proof of Theorem 2.1. From Lemma 3.1 we can write
Raising to the pth power j times, we likewise obtain
Hence
Since
Hence πp k | (N 1 (F ) − N 0 (F ) p−1 ), and since these are integers p k+1 | (N 1 (F ) − N 0 (F ) p−1 ), and N 1 (F ) ≡ N 0 (F ) p−1 mod p k+1 . For the remaining N j (F ) we proceed by induction on l. Writing
and, since p N j (F ), we get
as claimed.
We can assume that
If p is odd, or if p = 2 and j ≥ 2, then N j > 0 and, since
For p = 2, j = 1, we have
Plainly, F (x, y) = y + 1 if p is odd, and y 2 + y + 1 if p = 2, achieve λ(Z p k ) p l .
We next present the following generalization of Lemma 3.1.
where the β(δ 1 , . . . , δ p k ) are integers with
Writing the B j as polynomials
A j x ξj then, as in the proof of Lemma 3.1, we readily obtain that the
will be a polynomial whose coefficients D j are each sums of terms of the form δ1,...,δ p L ≥0,
This is still true if we reduce mod x p l − 1. Applying Lemma 3.1 again, we obtain
where the ρ(ε 1 , . . . , ε p l ) are integers with p l | ρ(ε 1 , . . . , ε p l )ε i , i = 1, ..., p l .
Again the D εi i will be sums of terms
will lead to sums of the form α(δ 1 , . . . , δ p L )A δ1 1 · · · A δ p L p L , with p k+l | α(δ 1 , . . . , δ p L )δ t for all t, and the claim follows for s = 2. Applying this inductively produces the general result.
Proof of Theorem 2.3. Using Lemma 3.2 in place of Lemma 3.1 in the proof of Theorem 2.1, we readily obtain the result for G = Z p × Z p k 1 × · · · × Z p ks and G = Z p l × Z p k 1 × · · · × Z p ks . For r ≥ 2 we proceed by induction on r. We write
l2 , . . . , w jr lr , y 1 , . . . , y s ).
From the result for r = 1 we have
where L = k 1 + · · · + k s , and
. , x r , y 1 , . . . , y s ).
By induction we have
and the result follows.
Proof of Theorem 2.4. This is similar to the proof of Theorem 2.2. Suppose that
If the N j1,··· ,jr = N φ(p j 1 )···φ(p jr ) 0,...,0 for all j 1 , . . . , j r , then
So suppose that N j1,··· ,jr = N φ(p j 1 )···φ(p jr ) 0,...,0 but N i1,··· ,ir = N φ(p i 1 )···φ(p ir ) 0,...,0
for any i 1 , . . . , i r with i 1 + · · · + i r < j 1 + · · · + j r . Since at least one of the j t = 1, we have |M | ≥ j1 i1=0 · · · jr ir=0 i1,...,ir =j1,...,jr |N i1,...,ir | = |N 0,...,0 | p j 1 +···+jr −φ(p j 1 )···φ(p jr ) ≥ |N 0,...,0 | φ(p j 1 )···φ(p jr ) (p−1)
.
Hence we can assume that |N 0,...,0 | φ(p j 1 )···φ(p jr ) ≤ p k+1 − 1, since otherwise
If p is odd, or if p = 2 and at least one of the j t ≥ 2, we have N j1,...,jr > 0 and the congruence yields
In the remaining case, where p = 2 and all the j t = 0 or 1, we have
The results of Section 2 determine the Lind-Lehmer constant of p-groups having one component of particularly high order. We find that Theorem 2.1 also allows us to compute the value of this constant for many additional p-groups of the form Z p × Z p k , for small k ≥ 2. In this section, we describe an algorithm that produces a small set of possible values for the Lind-Lehmer constant of a group of this form. Over hundreds of thousands of trials, this algorithm almost always produced a unique value.
Before describing our method and its results, we first note an upper bound on the Lind-Lehmer constant for groups of this form.
Proof. Plainly F (x, y) = y + 1 has m G (F ) = 2 p . While the other upper bound follows from (8), for the convenience of the reader we describe how to construct a polynomial that achieves the bound B k+1 (p). Suppose that B k+1 (p) = a p k − tp k+1 . Define a sequence of polynomials H i (x), 1 ≤ i ≤ k, by (1 + x + · · · x a−1 ) p = 1 + x p + · · · + x (a−1)p + pH 1 (x), and for 2 ≤ j ≤ k
and set
This will have M Zp×Z p k (F ) = F (1, 1) = a p k −tp k+1 , since the other values F (w 1 , y) = 1 + w 1 + · · · + w a−1
1
, F (1, w j ) = (1 + w 1 + · · · + w a−1 1 ) p k+1−j etc. are all units.
Observe that we may write N 1 (F ) as a resultant:
In view of this, we require the following statement regarding resultants, which relies on a theorem of Gomez et al. [5] , in addition to some algebraic facts. This establishes a divisibility criterion that our algorithm will employ to eliminate some potential values of N 1 (F ). 
H(w j ) mod q = Res(Φ p , H).
Since these are both integers we deduce that q | Res(Φ p , F ) if and only if q | Res(Φ p , H). Since Z q is a field it is well known, see for example [4, Q29, p. 619], that Res(Φ p , H) ≡ 0 mod q if and only if Φ p (x) and H(x) have a non-trivial common factor mod q. If d is the degree of that common factor then it is shown in [5] that q t Res(Φ p (x), F (x)) implies that t ≥ d. But in Z q the pth cyclotomic polynomial factors into polynomials whose degrees are the order of q mod p (see for example [4, Q8, p. 556]). Hence t is at least this order.
We now develop our algorithm for computing the allowable values of the Lind-Lehmer constant for certain finite abelian groups. Let G be a p-group of the form
Let A = N 0 (F ) and let L = N 1 (F ), so that M G (F ) = AL. By Theorem 2.1, we have (12) L ≡ A p−1 mod p k+1 , so in particular L ≡ 1 mod p. By the remark following (11), L is a positive integer. If L = 1, then A is a (p − 1)st root of unity and hence M G (F ) ≥ B k+1 (p), so we may assume that L ≥ p + 1.
We may also make some assumptions regarding the value of A. First, by replacing F by −F if necessary, we assume A > 0. Second, if A = 1 then L ≡ 1 mod p k+1 , which implies that M G (F ) > |G|, exceeding the trivial bound (4), so we may assume that A ≥ 2. Third, we may assume that p A, since otherwise p 2k+2 | M G (F ) by the remark at the beginning of Section 3. Input.
An odd prime p, an integer k ≥ 2, and an integer parameter m ≥ 2. Output. A small list of possible values for λ(Z p × Z p k ). Description.
Step 1. Compute B k+1 (p), set B = min{2 p , B k+1 (p)}, and output B.
Step 2. For each integer a with p a and 2 ≤ a ≤ U (p, k, m), where the bound U (p, k, m) is described below, compute the least nonnegative residue of a p−1 mod p k+1 , and test if a < B. If this holds, then perform Step 3.
Step 3. For each prime q | , if the multiplicity t of q in satisfies t ≥ ord p (q), then output a .
We employ Lemma 4.2 in Step 3. Note that this step succeeds if is a prime power (since ≡ 1 mod p), and fails if t = 1 and p q − 1, or if q t < p + 1.
It remains to describe the bound U (p, k, m) in Step 2. Since L ≥ p + 1, we may certainly employ the naive bound U (p, k, m) = B/(p + 1) , but this produces a substantial number of extraneous solutions when k = 2: notice that (a, ) = (p − 1, p+1) satisfies (12) in this case, so our algorithm would produce p 2 −1 as a second potential value for λ(G) whenever p 2 − 1 < B. One would expect the probability that p 2 − 1 < B 3 (p) to be approximately (1 − 1/p) p−1 → e −1 = 0.367879 . . . . (We obtained good agreement with this estimate in practice: over the 664578 odd primes less than 10 7 this occurred 244471 times, so with probability 0.367859 . . . .) However, if L = q t1 1 · · · q ts s , then because by Lemma 4.2 each factor q t of L exceeds p, we must have L ≥ (p + 1) s . It follows that L = p + 1 can only occur when p + 1 = 2 t , that is, when p is a Mersenne prime. Thus if p is not Mersenne then we can discount the case L = p + 1, and assume therefore that L ≥ 2p + 1. Thus, for each non-Mersenne prime p we may take U (p, k, m) = B/(2p + 1) .
A similar observation allows us to reduce the value of U (p, k, m) further in many cases. For example, if 2p + 1 is not a prime or a prime power of the form 3 t , then we can take U (p, k, m) = B/(3p + 1) , and unless 3p + 1 is a prime power, 2 t , then we can take U (p, k, m) = B/(4p + 1) , and then we may use U (p, k) = B/(4p + 1) unless 4p + 1 is prime or a power of 5, and so forth. In practice, we continue this process to determine U (p, k, m) until reaching a maximal divisor mp + 1, using the integer parameter m. Our implementations often selected m = 20 or 24. We remark that this procedure assumes that (p + 1) 2 > mp + 1, so p > m − 2; consequently, small primes were treated in special cases.
We applied Algorithm 4.1 for a number of primes p with k ranging from 2 to 7. For the case k = 2, we tested all odd primes p < 10 7 . Only ten primes entered Step 3, each for just one (a, ) pair, and this step eliminated nine of these possibilities. Table 1 (a) shows these nine primes, the values of a and when Step 3 was invoked, and the values of q and t that were employed to eliminate the value a from contention. In each case, we see that q t < p.
We thus determined the Lind-Lehmer constant for all but one of the 664578 primes in this range. The lone exception is the Mersenne prime p = 127. Here, the solution a = 126, = 128 cannot be eliminated because is a prime power. Thus, we conclude that λ(Z 127 × Z 127 2 ) ∈ {a , B 3 (127)} = {16128, 21304}.
For k = 3, we ran Algorithm 4.1 on all odd primes p < 70000. The method entered Step 3 on just eight primes, and eliminated all (a, ) pairs except one at p = 29207. Here the choice a = 8697874 produces the prime = 2336561, and a < B = 33309033572873. Table 2 shows the exceptional values eliminated in trials for the cases k = 4 through k = 8. The bound on p employed in each case is shown in the table.
These trials produced four additional groups for which the Lind-Lehmer constant cannot be deduced by Algorithm 4.1. Our six unresolved cases are summarized below. 
The values of (a, ) that give rise to the smaller value in the last four cases are (2497433, 13487), (266260023, 269), (83963988, 3637), and (11, 20060126171) , respectively.
Since computational limits prevented us from more extensive searches for the larger values of k, we searched for additional exceptional primes for 4 ≤ k ≤ 8 by running Algorithm 4.1 only for a < 10 8 for p < 6000. This uncovered two additional examples of p-groups for which our method cannot determine the value of the Lind-Lehmer constant. Both of these occurred at k = 5. First, for p = 3631, the selection a = 504 produces the prime = 907168956399857, and thus λ(Z 3631 × Z 3631 5 ) could be a = 457213154025527928 or B 6 (3631) = 599058129093070519 (or possibly other values, corresponding to values of a > 10 8 that were not checked). Second, (b) k = 3, p < 70000.
choosing a = 45444576 for p = 4409 produces the prime = 35554123093, and so λ(Z 4409 × Z 4409 5 ) could potentially be a = 1615742049013193568 instead of B 6 (4409) = 2702773498732100602. In all, our method determined that equality occurs in Lemma 4.1 in all but six of the 672316 cases that we computed fully. With so few exceptional cases it seems reasonable to ask the following. Note that the answer in the case k = 1 is known to be affirmative [3] . The values of λ(Z p × Z p k ) for p < 200 and k ≤ 6 are displayed in Table 3 , with asterisks marking the three unresolved p-groups from (13) . The entries left blank in the upper right are all 2 p : once we reach λ(Z p × Z p k ) = 2 p we know that λ(Z p × Z p t ) = 2 p for all t ≥ k. From Theorem 2.2 and the trivial bound we know that this starts somewhere between the point when p k+1 exceeds 2 p and 2 p(p−1) −1. Our calculations then enable us to determine the Lind-Lehmer constant for a number of families of p-groups.
Theorem 4.1. The Lind-Lehmer constant λ(Z p × Z p k ) is 2 p for the following families of p-groups:
• p = 3 and k ≥ 1,
• p = 5 and k ≥ 2,
• p = 7 and k ≥ 3, • p = 11 or 13 and k ≥ 4,
• p = 17 and k ≥ 5, • p = 19 or 23 and k ≥ 6, • p = 29 or 31 and k ≥ 7,
• p = 37, 41, or 43 and k ≥ 8.
Section 6 describes how our method may be used to help determine the Lind-Lehmer constant for many additional p-groups, with the aid of some calculations that we summarize in Section 5. We close this section by remarking that unfortunately we cannot hope for similar successes using these methods on p-groups of the form G = Z p 2 × Z p 2 . In that case, we have
and an upper bound
However, taking A = B 3 (p) and B = C = 1 produces a solution to (14), which will not be eliminated by resultant restrictions of the type provided by Lemma 4.2, and in general ABC = B 3 (p) will be smaller than the bound provided by (15). Among groups of the form Z p 2 × Z p 2 , we remark that the Lind-Lehmer constant is known only for the cases p = 2, 13, 43, and 4987; the respective values are 15, 239, 3038, and 40015240. The last three cases arise from (8) and the fortuitous fact that B 3 (p) = B 4 (p) for these three primes.
Experiments on the size of B k+1 (p)
The many cases of equality in Lemma 4.1 determined by our computations in the previous section demonstrate the importance of the size of B k+1 (p) when determining the value of λ(Z p × Z p k ). Keller and Richstein [6] conducted extensive searches for particularly small values of B k (p); here we are interested in obtaining upper These exponents are presumably not optimal. Indeed, one might even hope that
for any > 0, though we seem very far from obtaining such a bound. Note that if the p k th powers are distributed randomly mod p k+1 , then the probability that B k+1 (p) ≥ p k ought to be roughly (1 − 1/p) p−2 → 1/e, and the expected value should be approximately
We computed B k (p) for primes p < 10 7 and 1 ≤ k ≤ 6, and Figure 1 displays the distribution of the size of B k (p) expressed as a power of p, that is, for each prime p we display the point (p, log p (B k (p))). We see that each plot exhibits a rather dense concentration of points approximately in the interval ((k − 1) − 0.2, (k − 1) + 0.1), with (16) plausible.
These computations prove helpful in determining the Lind-Lehmer constant of many millions of additional p-groups, as detailed in the next section.
Computing the Lind-Lehmer constant for additional p-groups
In Section 4, our computations produced many cases where
Here we show that the same computation often produces the minimal measure for many additional p-groups with the same order when k ≥ 3. Our observations, when combined with the calculations from Sections 4 and 5, allow us to show that the Lind-Lehmer constant for nearly 8 million additional p-groups of the form Z p × H with |H| = p k is given by B k+1 (p). For example, suppose that
Our achievable upper bound takes the form for all H with |H| = p k . Moreover, since A is a measure in H, we gain restrictions on the possible values for A that we need to test in our algorithm. For example, if
then we know that A ≡ F (1, · · · , 1) |H| mod p r and L = A Further, the restrictions imposed on the values for A enable us to extend the range for p drastically, sometimes producing the Lind-Lehmer constant without having to test any values of A at all. For example, in order to beat B k+1 (p), we know we must have L > 1 and hence L ≥ p r + 1, so we need only check values of A with λ(H) ≤ A < B k+1 (p)/(p r +1). Indeed, as indicated in Figure 1 from Section 5, we would often expect to have no such A when λ(H) = B k (p) and r ≥ 2. For r ≥ 2 we also know that A must be a p k1 th power mod p k2+···+kr+1 , and thus A p−1 ≡ 1 mod p k1+1 , and so we need only check values of A below B k+1 (p)/(p k1+1 +1). Since λ(H) ≥ λ(Z p × Z p k 2 × · · · × Z p kr ), when the latter equals B k−k1+1 (p) we would again expect to often have no A to test when k 1 ≥ 2, even though we might not know λ(H) itself. Note that since the H measures are p k1 th powers mod p k−k1+1 , we also have λ(H) ≥ B k1+1 (p) for r ≥ 2.
In such situations we immediately obtain the following. Theorem 6.1. If H = Z p k 1 × · · · × Z p kr with r ≥ 2 and k = k 1 + · · · + k r , and
Indeed, in many cases we can use this to find λ(Z p × Z 2 p k ), even though we do not know the value of λ(Z 2 p k ) when k ≥ 2, outside of the few sporadic cases noted at the end of Section 4 for k = 2.
. For the small primes p where λ(Z p × Z p k ) = 2 p , running Algorithm 4.1 with λ(Z p × Z p 2 ) ≤ A < B k+1 (p)/(p 2 + 1), L = A p−1 mod p k+1 , none of the triples (p, k, A) ∈ {(3, 4, 16), (11, 4, 136) , (13, 5, 3101) , (17, 6, 71459), (23, 6, 59), (23, 6, 894)} which produce a value of M = AL < B k+1 (p) satisfy A p−1 ≡ 1 mod p 2 when k = 3 for p = 3, 5, 7, when k = 4 for 3 ≤ p ≤ 13, when k = 5 for 5 ≤ p ≤ 17, or when k = 6 for 5 ≤ p ≤ 23. For k = 5, H = Z 3 ×Z 3 4 we can achieve 2 9 < B 6 (3), and there are no 8 ≤ A ≤ 2 9 /10 with A 2 ≡ 1 mod 9 and M = AL < 2 9 . This also resolves H = Z 3 × Z 3 5 . For the remaining twelve cases with p = 3 and k = 5 or 6, all our H have r ≥ 3 or k 1 ≥ 2, and after checking the B 3 (3) ≤ A < B k+1 (3)/(3 3 + 1) with A 2 ≡ 1 mod 27, we find no M = AL < B k+1 (3). Thus, in all cases other than H = Z 3 × Z 3 t , t = 4, 5, we have λ(Z p × H) = B k+1 (p). Almost all of the entries in Table 3 exhibit this value, but in a few cases that table lists an exceptional value for λ(Z p × Z p k ). Table 4 shows the value of B k+1 (p), and thus λ(Z p × H) with |H| = p k and H = Z p k , for these exceptional cases. (Note B k+1 (3) = 3 k+1 − 1.) From these and our previous computations, we deduce the following result.
for k = 3 and 3 ≤ p < 70000, for k = 4 and 3 ≤ p < 4500, for k = 5 and 3 ≤ p < 640, and for k = 6 and 3 ≤ p ≤ 223.
We also sharpen Theorem 2.4 for one class of 3-groups.
Example 6.1. 9 , if t ≥ 4, B 6 (613). To add another Z p , we may use (p 3 + 1)B 6 (p) > B 7 (p) for p < 4500, but we can again extend the range using λ(Z 2 p × Z p 4 ) ≥ λ(Z 2 p × Z p 3 ) = B 5 (p) with (p 3 + 1)B 5 (p) > B 7 (p) for 2659 < p < 70000. Thus we find the following additional Lind-Lehmer constants. . For H = Z p 2 × Z p 2 , we apply Corollary 6.2 using the fact that (p 3 + 1)B 3 (p) > B 5 (p) for all p < 10 7 except p = 113 and p = 751 (and as above we know the result holds for 17 ≤ p < 4500). To add additional Z p , observe that (p 3 +1)B 5 (p) > B 6 (p) and (p 4 + 1)B 6 (p) > B 7 (p) for all p < 10 7 . Further, for H = Z p 2 × Z p 2 × Z p 2 we can use λ(H) ≥ λ(Z p ×Z p 2 ×Z p 2 ) = B 5 (p) and we find that (p 3 +1)B 5 (p) > B 7 (p) holds for all p < 10 7 except for p = 2659. For p = 2659, we used the fact that k 1 = 2 to run our algorithm on a restricted set of A; that is, we check that none of the A in the p−1 residue classes mod p 3 satisfying A p−1 ≡ 1 mod p 3 and B 3 (p) ≤ A < B 7 (p)/(p 3 +1) produces a value for L = A p−1 mod p 7 with M = AL < B 7 (p). For H = Z p 3 × Z p 3 , we use Corollary 6.2 and check that (p 4 + 1)B 4 (p) ≥ B 7 (p) for all p < 10 7 . These verifications produce the following Lind-Lehmer constants. Example 6.6. For 3 ≤ p < 10 7 , λ(Z p × Z 2 p 2 ) = B 5 (p), λ(Z 2 p × Z 2 p 2 ) = B 6 (p), λ(Z 3 p × Z 2 p 2 ) = B 7 (p), λ(Z p × Z 3 p 2 ) = B 7 (p), λ(Z p × Z 2 p 3 ) = B 7 (p). The bound of 10 7 in this example comes from the range of our B k+1 (p) computations, not from our computations of λ(Z p × Z p 2 ).
For H = Z p 2 × Z p 4 , we use λ(H) ≥ λ(Z p × Z 4 p ) = B 5 (p) for 223 < p < 4500, p = 613, and (p 3 + 1)B 5 (p) > B 7 (p) for p = 2659, and we note that the case p = 2659 was resolved above, and that (613 3 + 1)33682878871 > B 7 (613). This produces the following values. Finally, for H = Z p 2 × Z p 3 we have λ(H) ≥ λ(Z p × Z p 3 ) = B 4 (p) for p < 70000, p = 29207 with (p 3 + 1)B 4 (p) > B 6 (p) for all p > 640 other than p = 4987, and (29207 3 + 1)20323113171314 > B 6 (29207). For p = 4987, we ran our algorithm to check that there are no A with B 3 (p) ≤ A < B 6 (p)/(p 3 + 1) having A p−1 ≡ 1 mod p 3 which produce a value for L = A p−1 mod p 6 with M = AL < B 6 (p). Further, we could use the fact that (p 3 + 1)B 6 (p) > B 7 (p) to add another Z p for p < 70000, but instead we use the fact that λ(Z p × Z p 2 × Z p 3 ) ≥ λ(Z p × Z 2 p 2 ) = B 5 (p) and (p 3 + 1)B 5 (p) > B 7 (p) for 2659 < p < 10 7 . This produces the following additional Lind-Lehmer constants. 
